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1. Preface 


Among quantum mechanical phenomena, the most intriguing are those that seem strange to us on 
a macroscopic scale. These include, for example, superconductivity, superfluidity, laser light and the 
EINSTEIN-PODOLSKY-ROSEN (EPR) paradox {Epr]. The latter is indeed the most enigmatic of these 
phenomena, as it appears to defy spatiotemporal constraints. 


After ALAIN ASPECT, JOHN CLAUSER and ANTON ZEILINGER received the Nobel Prize last year 
for their pioneering work on entanglement, teleportation and quantum cryptography, all of which 
are closely related to the EPR paradox (and which are actually different empirical manifestations 
of it), many are currently wondering what this is all about. The purpose of this article is to give 
the mathematically skilled layperson an idea of these things. We cannot, of course, delve into the 
profound fundamental physical and philosophical questions these phenomena raise, and that JOHN A. 
WHEELER, among others, pointed to when he asked: ”The spacetime continuum? Even continuum 
existence itself? Neither the one entity nor the other can make the claim to be a primordial category 
of Nature. It is wrong ... to regard this or that physical quantity as sitting ’out there’ with this or 
that numerical value in default of question asked and answer obtained by way of appropriate observing 
device. The information thus solicited makes physics and comes in bits.” [Whe]. Today he might say ’in 
qubits’. MARTIN I. KOBER, who sadly died a year ago at the young age of 38, went even further when 
he categorically stated: ” The EPR paradox empirically irrefutably reveals a new picture of natural 
reality that transcends classical field-theoretical concepts of separate objects in a space with a local 
causality structure.” [Kob]. It would be really exciting to follow these tracks. 


But as tempting as it may be to venture straight into this wonderland, the narrow gateway to 
it is mathematics. In this article, we confine ourselves modestly to the mathematics that essentially 
underlie entanglement as a quantum logical structure. Things are made easy by staying entirely in 
the finite dimensional domain. So the notorious complications with unbounded operators in Hilbert 
space do not arise. We believe that a basic knowledge of linear algebra, trigonometric functions, and 
probability calculus should be sufficient to understand this introductory text. Otherwise the references 
may help. 
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2. Prerequisites 


A physical theory is, roughly speaking, a triple (€, M,Z) consisting of an area € of empirical reality, 
a mathematical structure M and an interpretation Z that translates the mathematical formalism 
into the language of €. In the following we are mainly concerned with a mathematical structure M 
of a specific kind, while the empirical interpretation of crucial objects from M is only indicated by 
the choice of names like ’observable’, ’state’, ’measurement’ and so on. Their physical realization or 
technical implementation in € is therefore not our topic. Specifically, we shall deal with quantum 
observables, states, and measurements, and with interacting quantum systems . 


Observables are represented by self-adjoint operators in a complex vector space H( endowed with an 
hermitian scalar product. More precisely, H is a Hilbert space, i.e. a C-linear space with hermitian 
2-form (...,...) :3€x HC. The norm (or length) of ¢ € # is defined as || ¢|| := (¢, eo. 
We recall that an operator A in HX is self-adjoint if and only if A is closed in H and for each ¢ and 
xy in its domain holds (Ad, x) = (¢, Ax), ef. HALMos [Hal]. In the finite-dimensional case, the 
domain of A is the entire space +. In the infinite-dimensional case, which we will not deal further 
with in the following, the domain is a dense subset of H and A is closed in H. If A is idempotent, 
that is AoA = A, then A is a projection. 

Stone’s theorem ensures that every self-adjoint operator is a weighted sum (or, in typical infinite- 
dimensional cases, an integral) of projections, cf. [Hal]. 

Physically, projections represent simple observables that register an event (or measure its probability), 
for example the triggering of a counter. MACKEY therefore introduces projections as yes-no questions 
posed to the system; cf. [Mck], chapter 2-2. 

In quantum logic, projections represent statements or propositions that are weighted by a state with 
a probability of being true. Because they are in a trivial one-to-one correspondence with their image 
space as a subspace of H, projections like these subspaces form an orthomodular (quantum logic) 
lattice; cf. JAUCH [Jau] and PIRON . As in classical logic, in quantum logic any two propositions 
(i.e. projections) P and Q yield new propositions by A (AND’) and V (’OR’) operations. P/\ Q 
is defined as the projection into the intersection of the image spaces P(3{) and Q(H) and PVQ 
denotes the projection into the subspace of H spanned by P(H)UQ(H).If P and Q are orthog- 
onal, then obviously PV Q = P+Q. Finally, the negation =P is by definition the complementary 
projection, also written P+, into the subspace orthogonal to P (J), i.e. into P(H)+ Cc KH. 

For more on quantum logic, see BIRKHOFF , VON NEUMANN [Bir], PIRON or MITTELSTAED [Mit]. 


States are represented by positive self-adjoint operators, say W, whose trace is equal to one. That is 
TrW = Se We,) = 1, where {e,},<=1,....n is any orthonormal basis of F( and N € NU {co} 
is the dimension of H. Any two states W; and W2 are equivalent, if and only if for every observable 
A in # the traces Tr W,A and Tr W2A are equal. Equivalent states are physically indistinguishable 
and we can identify each state W with its equivalence class; more in [Jau], chap. II-5. If the range 
of W is one-dimensional, then W represents a pure state, otherwise a mizture. Trivially, every pure 
state is a projection and every ¢ € H, 6 #0, defines a unique pure state Wy = Tra @(¢,..-), which 
is the projection into the one-dimensional subspace of H spanned by @. So every projection with one- 
dimensional range defines a pure state and vice versa. Representing pure states by projections instead 
of state vectors has the advantage that phase factors are eliminated. JAUCH gives a more general 
characterization of observables, states, and measurements in |Jau}. 


Measurements. For any state W, the expected value < A > of any observable represented by a 
self-adjoint operator A in the Hilbert space H (the ’system’) is defined as the trace of AoW, that 
is <A>:= TrAW. 

A measurement assigns to each state W in H a new state W~. PAULI introduced the notion of 
measurement of the first kind, which, immediately repeated, reproduces the same result. That is, sym- 
bolically, W* = W~. Such measurements thus perturb a state minimally; cf. [Pau], p. 73. 


Following JAUCH , we define the measurement of a property, represented by a projection operator 
P in H, as the following assignment to any state W 


W~ := PWP+P!WP- , (MP) 


wherein P+ = 1~— P is the projection complementary to P, i.e. the projection into the subspace of 
5 which is orthogonal to P(H). If the context is clear, we unequivocally write 14,14,18,.,... etc., or 
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just simply 1, for the identity operator in FH, 4, Hep,,... ete. 

Physically, (MP) is interpreted as P preparing the state W~ from W. The same state is obviously 
prepared by the complementary projection P+. Hence, a measurement (MP) does not say which of 
the two properties P or its negation P+ has been observed. In a way, W~ defined by (MP) is the 
state of the system after the measurement of P has been made but before the result is read. This 
distinguishes (MP) from the passive measurement (FP) defined as follows. 


A passive measurement of the first kind, also named a passive filter, assigns to every property represented 
by a projection P and to each state W such that TrWP # 0 the state 


ee PWP 
VS ae (FP) 
The state (FP) is obtained when (MP) is prepared and the condition is added that P occurs, or has 
occured (since we are dealing with measurements of the first kind). It is easily seen that the iteration 
of (MP) reproduces the result. To see that the same is true for (FP), observe the invariance of the 


trace under cyclic permutations, i.e. Tr ABC = Tr BCA etc. , which implies 


a PW~P 
W* := — = W”. 1 
TrW~P (1) 
Interacting quantum systems are represented by tensor products of Hilbert spaces. Specifically, 
a system consisting of N components with underlying Hilbert spaces H{,,..., Hy is represented by 
the tensor product 
N 
H =H, @::-@Hn (or H = ®&) H ; N=oo not being excluded ) . (2) 
v=1 


Any observable A, in the v-th component, i.e. a self-adjoint operator in H, (we always use either 
terms synonymously) extends naturally to an observable A, on H = Qr, by 


Ay := 1@---@1,18A,81,41::-@ln , (3) 


where by convention any operator A = A, ®--:@ Aw assigns to each $1 @---@@n € H the vector 
Aid, ®-::@ Anon , which by linearity extends A to all of H. 


In particular, any projections P4 and Pg in H, and Hz, respectively, extend trivially to projections 


Py, = Pa@1g and Pg = 14@Pz (4) 
in H = Hy, @ Hz, and obviously 
Il := P4aPg = Pg Py, = Pa®Pp (5) 


is a projection in H , with complementary projection 
T+=1-N=Pit@Pp+Pa@Pi + PL @Py . (6) 


JAUCH gives a comprehensive, more general, lattice-theoretic characterization of states and observables, 


cf. [Jau], chapter 6. 


3. Entangled qubits 


We consider the special case H = Ha @® He with Ha = Hg = C?, the Hilbert space of all 
two-component complex vectors (%) with hermitian scalar product ((%), ($)) = @c+ bc (as usual, 
Z denotes the complex conjugate of z € C). In the quantum computational context, SCHUMACHER 
Sch] coined the term qubits for the unit vectors in C2. In physics they are also known as Weyl spinors, 


ur-spinors, ur-alternatives, or simply urs, as VON WEIZSACKER called them. 

It is a well-known yet remarkable fact that the space of observables on the urs, viz. the 4-dimensional 
(real) space H(2,C) of all self-adjoint operators on C?, is causally isomorphic to Minkowski space. 
Is this just coincidence or does it point to a quantum logical origin of spacetime, as V. WEIZSACKER 
et al. suspected; cf. [Wei], [Kob], ? We cannot delve deeper into this issue; rather, we have to 


deal further with prosaic mathematics ... 
a 


For every G) € C’, the projection Pra into the subspace spanned by () is the following mapping 
b 
£2) :C?— > C? 


(ae (SDE) - (7) 


4 STEFFEN HEIN 
Indeed, one easily verifies that Pray Pray = Pay , hence Pray is a projection, and Pray Ch. = ie 
b b b b b 


In particular, for every a € R and (6°°°) € C? 


sina 
2 . 
Fee) Sh Bc ag) = ee) ee) 2G)? (8) 
= Px = P =P =P 
aye) = a (9) 


From now on we write, for every a ER, 
Qa = (Sr) and = Pa := Preoa) « (10) 
We will later use the easily verified fact that for every a, 8 € R,n€N and ¢€ C? 
(Px Pg)" Py = cos*"(a— 8) Py 


and thus 
Tr (Px Pg)” = cos*"(a— 8). (11) 


As a measuring device, P, can be imagined, for example, as a Stern-Gerlach polarizer that observes an 
electron spin at an angle 2a relative to a fixed reference axis. Note that P, and Pa4z are orthogonal 
projections in C?, while as devices they measure opposite rather than perpendicular spin orientations 
in real space. 

We will follow common usage and refer to the two systems represented by {4 and Hg respectively 
also as “Alice’ and ’Bob’. 

According to (4), any two projections Py : Ha > Ha and Pg : Hg > Hp (a, 8 € R) extend 
naturally to projections Pa = P,@®1g and P; = 1,4 @ Pz, respectively, in H = Ha @ Hep. 
Applied simultaneously or sequentially in any order, as in (5), they yield the following projection 


II = P,Pg =P, @Ps . (12) 


With II we perform an ideal measurement (MP) in the pure state given by the one-dimensional 
projection We = ®(@,...) : H+ 4H, where ® is the following so called Bell state vector 


— 2 1 0 0 1 13 
® = 5 1[(0) @G) — G) @(0)] ; (13) 
Physically, ® stands for the singlet state of a fermion pair, for example two electrons. Note that ® 


is not reducible to a simple product ~ ® x € H. States that are irreducible in this sense are called 
entangled, and represents a maximally entangled state. 


According to (MP), the ideal measurement of II applied to We yields the new state 
W~ = Il Well + Well, (14) 


with 
u- 


Py ® Pg + Pa ® Px + Py ® Pz 
Po+n/2 ® Pe + Pa ® Pe4n/2 + Po+n/2 ® Pa+n/2 : (15) 
(3 cf. @ ) 


Furthermore, for every UV € XH, 


Il WellY = 106(o,M1v) = 10 (0,9), (16) 
with, due to (12) and (18), 


T® = Yq [Po(o) ® Pa(y) — Pals) ® Pa(o)] 


COs @ cos B cos @ cos 8 


aa 

=~ Zw [cosa( Sha) @sin B(Sh 3) > sina( tna) @cosB( Se) ] 
1 
WR 


5 (cosa sinf — sina cos8)(Sre) ® (2) 


=-F sin(a—8)eqg@eg ; e€,,eg asin (@d) . (17) 


sin a 
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This with (6) yields 


1 
1 Wel = 5 sin?(a — 8) IL , (18) 
that is, explicitely, 
1 
Py ® Ps We Py ® Peg = 5 sin’(a— 8) Py BO Px, (19) 
and thus also 
1 
Potn/2 ® Pe4n/2 Wo Pytn/2® Payaj2 = _ 3 sin *(a — B) Patn/2 ® Pasrn/2 : (20) 


The probability of observing Py ® Ps or Pa+2 @ Ps+z is therefore 

Tr Wa (Pa ® Ps + Payne ® Petn/2) = sin?(a — B) (21) 
and the probability of observing Po4n/2@Ps or Pa ® Petn/2 

Tr Wa ( Pa+nj2 ® Ps + Px ® Petn/2) = cos*(a—f) . (22) 


The reader may verify that if he does the preceding calculations not with but with the bosonic 
Bell state 


= Ale) + Ge). (23) 


then equations (18) to (21) change only by replacing sine with cosine and vice versa. The state (14) 
reflects the intermediate situation in which Alice’s and Bob’s instruments have been triggered but not 
yet read. It is a ’virtual’ state in that it comes from a joint measurement by two separate observers, 
neither of whom has yet seen the result. But it provides with (27), (22) all probability information 
required by BELL’s theorem. Section] describes the CLAUSER - HORNE - SHIMONY - HoLt (CHSH) 
game |Cls], which implies the core message of BELL’s theorem that local hidden variables cannot 
explain the EPR paradox. 

In the next section we will analyze the measurement process in a little more detail. Since this is not 
essential to understanding the CHSH game, the reader who is less interested in this topic can skip 
straight to Section [5] 


4. What do Alice and Bob see ? 


We will now further analyze the measurement process, while formally avoiding simultaneous joint 
measurements. As outlined in the previous section, a measurement (MP) of II = P, ® Pg (or, 
equivalently, of its orthogonal complement II+ ) changes the Bell state We into the state W~ defined 
by (£4). Note that this state is the result of the measurement process alone before a result is seen. In 
fact, when the outcome of e.g. Pag = P,®18 is seen, in which case we say that P, is true (or also, 
P,, is true), then we have performed a measurement of the type ve i.e. filtered out a state W 


satisfying Tr WP, =1, while with (14) one verifies Tr W~ Py = 5. 


In a cartoon, W~ may ie visualized by Schrédinger’s cat after the vial broke but before the box was 
opened (with the additional stipulation that the poison leaves half a chance of survival ...). 

More seriously, state (T4) reflects the intermediate situation in which Alice’s and Bob’s instruments 
have been triggered but not yet read. 


Let Alice measure P, in the state Wo, cf. (3). This means that in the system H = H4,@Hp 
she measures P, = Py ® 18. Then according to (WP) the state We transitions to 


Wa := Pa We Pa + Pi Wa Pi. (24) 
Moreover, if P, is true, then by (FP) this state becomes 
P, WaP 
+ i Qa Pla =p P 9 
Wa : TrWe Pa P, a ® atn/2- ( 5) 


To prove the second equality above, remember that for every VU € H 


P,WoP.V = P,®(%, P,WV) 
= P,0(P,, WV), (26) 
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with, due to (73), 


1 
Py, ® = — & ® gi n/2- 27 
V2 tr /2 ( ) 


Inserting this into (26) gives 


1 1 
P,. We Pa = 5 Pa ® Pote/2, and in particular TrWe Py = 5 4 (28) 
from which (25) follows. Finally, with PZ = Py42/2®1B, (24) becomes 
1 1 
Wa — gfa® Potm/2 + 3 Fatn/2® Ps. (29) 


Note that Wy, is a mixture of two non-entangled pure states. In particular, it is no longer entangled. 
So Alice’s measurement, whether (MP) or (FP), broke the entanglement, but not without leaving her 
footprint on Bob’s side. 

When Alice finds that either P, or Py47/2 is true, then by (FP) the state Wy, turns into 


either wi = Py, ®@ Poigj2 oF ws = Poinj2® Py , respectively. (30) 


On Bob’s side, the probability of observing Pg in the state wi or ws , respectively, is then, with 
Pg = 14®P, and using (1), 
TrW1 Pg = Tr Py® Potnj2 Ps = Tr Pasn/2 Pp 
= cos? (a+7/2—8) = sin? (a— 8) (31) 
TrWs Pg = cos?(a— 8), (32) 


or 


hence, with Pgi,/2 instead of Pg , also 


Tr wih Porn/2 = cos” (a = B) ’ (33) 
Tr Wx Poie/a = sin? (a@— 8). (34) 


If Bob starts measuring first, you will obviously get quasi-symmetrical results. 
So in detail: When Bob first measures Pg = 14 ® Pg in state Wg, then the latter transforms into 


We = Pg We Pg + PZ Wo P5 , (35) 
with, analogously to (29), 


1 


1 
We = 5Feinj2® Fe + 5 


5 Pe ® Paine - (36) 


By observing one of the two possible outcomes Pg or Pe = P347/2 of his measurement, Bob 
filters out’ according to (FP) the state (i.e. converts Wg to) 


either Wi = P n/2® Pg or Wt = P3@P n/2 5 Yrespectively . 37 
B B+n/ B B B B+n/ 


Therefore, due to (I), Alice observes on her side Py or Py x /2 with the corresponding of these 
probabilities 


TrWi Po = TrW3Porn/a = sin’ (a— 8) (38) 
TrWh Poinj2 = TrWk Pa = cos*(a—). (39) 
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5. A key experiment: the CHSH game 


If the two physical systems represented by H,4 and Hz, still called ’Alice’ and ’Bob’, are spacelike 
separated, then equations @1), (22), or equivalently (80), (81), imply what Einstein coined 
spooky action at a distance’. By setting their counters appropriately, each of the two can instantly 
‘see’ what the other has observed (or will observe). For example, let Alice measure Pa and assume 
that she sees that it is true. So Tr WaeP, = 1 and, according to (0), the state We changes to wi . 
If then Bob measures P g with B =a+7/2, then according to equation (831) he sees Alice’s outcome 
with probability TrW}P, = sin?(x/2) = 1. 


Table 1 displays the probabilities sin? (a — 8) for the observation of Py ® Ps or Py+n /2® Parn/2 
according to (21), or equivantely according to (80) together with (31) and (84). The probabilities for 
observing Py+./2® Ps or Py ® Pg4n/2 are, due to (22), complementary, that is 


1 — sin? (a— B) = cos? (a— f). 


Based on these facts, in 1964, JOHN F. CLAUSER, MICHAEL A. HORNE, ABNER SHIMONY, and 
RICHARD A. HOLT proposed a game of chance, today known as the CHSH game, to preclude 
local hidden variables explaining the EPR paradox. Experimentally, the game has been tested by 
HENSEN et al. [Hen], and with 96 percent confidence the quantum theoretical probability predictions 
(given below) were confirmed. We Illustrate in the following the fermionic version of the game, based 
on the state vector (13), which has also been tested by Hensen et al. instead of the bosonic version 
originally proposed by and using (23). 


The game: Let X and Y be independent random variables evaluated on Alice’s and Bob’s side, 
respectively, with values in { 0, 1 } and equal probability for either outcomes. Also, let Alice and Bob 
be strictly separated and bet with guesses a, b € {0,1} that XY = a+b mod 2 be correct. That 
is, in logical form, with 1 standing for true and 0 for false, they bet that XAY = a¥b be true, where 
Vv denotes XOR. 
Obviously, Alice’s and Bob’s average error rate is 25 percent, if they both always set zero. In fact, no 
local strategy can lower this rate. For instance, let Alice set a@ = 0 whenever X = 0, and Bob set 
b = 0 whenever Y = 0, and assume that Alice sets a = 1 for an average fraction « € [0,1] of the 
outcomes X = 1 and Bob sets b = 1 for an average fraction  € [0, 1] of the outcomes Y = 1. Since 
all random variables are mutually independent, their joint error probability is 
1 1 

Pr{X AY #£aVb} = F(K,A) = at ah 2 (40) 
as Figure 1 illustrates. Each rectangle marked with a multiindex (X,Y, a,b, ) € {0,1}* corre- 
sponds to a possible event in this strategy. Its area relative to the area of the total square is equal to 
the relative frequency of this event. 


XAY £aYb 


The relative frequency that Alice 


and Bob together guess wrong is b=0 
F(A, «) = ¢[K+A 4+AK4+(1-A)(1—4)] 
=tibr 2 


Fig. 1. X \Y¥Y =a¥VY b ? Alice sets a, Bob sets b 
The area of each rectangle devided by 4 equals the relative frequency of the event represented. 


8 STEFFEN HEIN 


Analogous considerations apply to any local optimization strategy. This means that Alice and Bob 
cannot increase their common success probability beyond 75 percent with strictly local means. So 
if they get a higher success rate by observing a stream of entangled particles, the behavior of each 
particle cannot be fully determined by local, even hidden, parameters. This is the core message of 
BELL’s theorem [Bel]. We will now see that by observing a stream of entangled particles, Alice and 
Bob can increase their chances of winning the game up to 85 percent. The strategy that achieves this 
is summarized in the following theorem. 


then Alice sets a= -—7/16 
then Alice sets a= 37/16 


= 


—7/16 0.146 0.146 


3r/16 | 0.146 0.854 


Table 1. Tr Wa ( Pa ® Pg + Payn/2 ® Patn/2) Table 2. Alice’s and Bob’s counter settings 


then Bob sets £8 = 7/16 
then Bob sets $8 = —37/16 


Theorem 


For each X,Y € {0,1}, have Alice and Bob take a(X) and 6(Y) as in Table 2. Furthermore, let 
Alice set a = 1 when Py, is true and zero otherwise, and Bob set b = 1 when Pg, /2 is true and 
zero otherwise. 


Then their common success probability is 


+ 


“lS 


Pr{X AY =aYb} = = 0.854. (41) 


NIlR 


Proof 


First case: XY = 0. From Table 2 one obtains |a— | = 7/8. Furthermore, if Alice sees Py47/2 
is true and Bob sees Pg is true, then (a, 6) =(0,0) andthus XY = a+b mod 2 is correct. The 
same holds, if Alice sees that P, and Bob sees that P3;,/2 is true, in which case (a, b) = (1, 1), 
and so again XY = a+ 6 mod 2 is correct. The joint probability for X \ Y = a¥Y b being correct 
is thus, according to (22), 
1 2 

Tr Wa (Patn/2 ® Pe + Po ® Paine) = cos? (=) rae se = 0.854. (42) 
On the other hand, if Alice and Bob, respectively, see either P, and Pg (case a= 1,b = 0), 
or Potn/2 and Pgi7/2 (case a=0,b=1), then XY # a + b mod 2 and according to this 
probability is 


Tr Wa (Pa ® Ps + Poyn/2 ® Patnj2) = sin? (=) = : = 0.146. (43) 
Second case: XY = 1. From Table 2 we get |a—£| = 37/8. The remainder is similar to 
the first case: If XY = a+b mod 2, then Alice and Bob, respectively, saw either P, and Pg 
(case a=1,b=0), or Pysnsg and Pgi,/2 (case a=0,b=1). So due to (QI), the probability of 
this outcome is 

1 2 

a <a 


Consistently with that, the error probability, i.e. the rate that XY # a+b mod 2, equals in this case, 
according to equation (22), 


Tr Wa (Pa ® Ps + Putnj2 ® Psin/2) = sin? (=) = = 0.854. (44) 


Tr We (Patn/2 ® Ps + Py ® Patnj2) = cos? (7) = = 0.146 . (45) 


QED. 

The reader may carry out the proof using equation (30) together with the conditional probablities 
(81) through (84) from Section[4instead of equations (21) and (22) from Section B]to convince himself 
that the odds of winning the game of course remain the same. 

Note that an equation by CIREL’SON implies that cos?(7/8) = 4 + v2 = 0.854 is indeed the 
maximum success probability of the CHSH game. So the theorem above proves that with the given 
strategy this maximum is actually attained. 
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6. Conclusions and outlook 


The surprising observation of EINSTEIN, PODOLSKY and ROSEN was that the measurement in one 
component of a quantum system can instantaneously change the state of a distant spacelike separated 
component. Einstein was famously wrong to explain this with local hidden parameters. As we have 
seen, it takes relatively simple mathematics to preclude this explanation. So it is indeed surprising that 
it took several decades before the hidden-parameter hypothesis was finally ruled out, first theoretically 
by BELL’s theorem and later in actual experiment such as the CHSH game. 


But do we really understand this strange ’action at a distance’ that Einstein rejected? Not really. We 
have a mathematical model reproducing an amazing physical phenomenon, but what deeply connects 
two causally separate objects over large distances quasi-instantaneously remains enigmatic. 


This situation brought CARL F. VON WEIZSACKER. and coworkers to suggest a quantum logical sub- 
structure of spacetime built on his so called ur-alternatives or ur-spinors - that is on qubits. 

VON WEIZSACKER: ” The abstract quantum theory [based on ur-alternatives] does not yet know any- 
thing about space and consequently nothing about matter. These concepts are secondary.” . The 
very fact that the space of observables of the ur-alternatives, i.e. the space H(2,C) (cf. Section B), is 
causally isomorphic to Minkowski space in the sense of SEGAL [Seg], speaks in favor of this conjecture. 
In the same vein, the related fact that the group SL(2,C) of linear transformations of C? with 
determinant equal to 1 universally covers i. , the connected component of the Lorentz group that 
contains unity; cf. BLEECKER [Ble]. 

The late MARTIN I. KOBER leaves us with this message in his last published paper: ” The ur-alternatives 
[...] are not located in a given space, do not refer to any substance that is different from them, and do not 
require a physical carrier. A picture of natural reality that finally overcomes classical field-theoretical 
concepts of separate objects in a space with a local causality structure is empirically irrefutably 
revealed in the EPR paradox ... It must be understood more deeply through an interpretation of 
Kantian philosophy influenced by the Copenhagen interpretation of quantum theory. This means that 
in the quantum theory of ur-alternatives, as in Hegelian philosophy, nature is ultimately constituted 


out of pure logic.” : 
So John might be right: “Ev dpyi tv 6 Adyos - at the origin is the Logos [John 1-1). 
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